Solutions to 2000 Applicable Mathematics Paper

Question One

1 i avas = L 2l 2T 8
g 36703 |3 12
P 12 3] NOT POSSIBLE. The matrices do not
(i) C+D =12 |+ 2 3 -3:= have the same size (order) which is
1 3 J 3 2 4J necessary for addition,
(i) Al = NOT POSSIBLE. Since the determinant of A = 0
ie ad-bc=0 = Aisa

singular matnix and hence A' does not exist.

Question Two

Solution one:
A B Using the diagram provided, P(A~B8)=0.2

03 P(A)=05, P(B)=0.4
ﬁ Q P(A)xP(B)=0.5x04=0.2
since P(A)x P(B) = P(A~B)
Events A and B are independent

Alternative Solution:

From the diagram: P(A‘B) = _P%iél)@ = % -05
P(A)=0.5
since (P(A) = P(AB)

Events A and B are independent

Question Three

(i) The new mean will represent a change of origin (All measures of central tendency will undergo a
change in origin)
= + = + =
The old variance (measure of dispersion) will not undergo a change of origin

(iiy  The new mean will represent a change in scale. (All measures of central tendency will undergo a
change in scale)

(i)  The old variance (measure of dispersion) will undergo a change in scale of K?
] ) - 2 _
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Question Four

a) Let x = the length of tape the cassette holds
cox~N(u=185 o2 = 4)
Hence P(x >180) = P(z >-2.5) = 0.0062096

= +)

b) P(x >187) = P(z > 1) =0.15866

c) Conditional probability based the movie being 3 hours and seven minutes long

.. P(x>187|x > 186) = %%

P(zz1)
P(z 20.5)

0-15866
0-30854

Question Five

i’z 11 15] b 21-45

2 Let,:a 3210 m and 21-50 -8
1110 n 390
21120 p 2670

Hence from question: AX =B
PRE-multiplying both sides by A~ yields

A A x =A"'B
I A X =A"'B

X =A""8B
4 0 -1 -3
1 -2 1 -1 1 . .
b A= obt .
) 2.1 3 2 (obtained directly from G.C)

-02 0 0 02

c) Solving the system in Part a) using the inverse from Part B gives Bread = $1.80 per loaf, Milk cost
itre,_ 1 70 p 3105 ey
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Question Six

Rewriting the given set of equations in augmented matrix form gives

A

1 -2 1 1]
2 1 -1 3
3 -1 0 a |
The easiest way to proceed is to perform row reduction and then substitute the question values into the final
matrix.

Mo-2 11 Rl
ie. {o 5 -3 |1 R2 > R2-2RI
0 5 -3|a-3 | R3 5 R3-3RI

1 -2 1‘1 VN
] R2
o o 0!a—4JR3—>R3—R2

Whena=4
The last line of matrix becomes [O 00 | O]
= An INFINITE NUMBER OF SOLUTIONS are possible.

Whena=5
The last line of the matrix becomes [O 00 1 1]

= NO SOLUTION is possible.

Question Seven

From the question it can be assumed that twins will be either identical OR non-identical. Furthermore,
identicai twins would have 1o have the same gender, whereas non-identical twins could be mixed genders.
Possibte tree diagrams include:

Non-idents
2/3
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P(1,B)+P(NI.B)

)

X —

3 4

P(GG)+P(8B)
P(.GY+ P(NI,G)+ P(I,B)+ P(NI,B)

53l Bl 6

answer from part a)

0] P(Two Boys) =
CE
= —x— |+

3 2
1
3

(ii) P(Two children same sex) =

. P( ~GG)

@iii) P(/“GG) FGG)

v) P(l|At least one girl) =

]
N
N

P(I ~ Atleast one girl)
P(At least one girl)

-
x
Sk

Question Eight

a) The length of the cycle of the graph is 12 months or 1 year

b) A slight positive value for the gradient of the trend line tends to indicate a slightly increasing trend.
c) Using the gradient of the trend line which represents the average rate of change
The average annual increase = 0.0223 x 12 miltion
Zr 267 600
d A =7360 +00223(8) = 7.54

B =2¢.3

e) The seasonal component = average residual for December =

f) December 2000 corresponds to t = 48 in data

o N(48) = 7-360 + 0-0223(48) =8 - 4304
. Prediction =
= 8.4304 +1.0033
9.434 million

0.-97+0-90+1.14
3

:

trend + seasonal component
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Question Nine

(i) y =f(x -2)-3 represents a vertical translation down of 3 units
(i) y=-f(x-2) represents a reflection in the x-axis

Giiy y = fix) will represent a horizontal translation 2 units to the left

Question Ten

It is important for students to realise that the information in the table is detailing the DURATION of a certain
number of calls. Itis not a table of frequency / group data.

totaldurationofcalls 1175

a) i) Average Duration = —
no. of calls 283

4.152 mins

ii) Standard Deviation for the number of calls per month = 18 . 197 (Calculator)

total duration of calls
e

b) Average Telephone Bill per month = connection fee + 5 0.05
= $5+ %ﬁ x 0.005

$14.79

c) Average + 2 Standard deviations = 47.17 + 2 (18.197) = 83.564
Hence MONTH 2 with 86 calls has an unusually large number of calls per month.
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Question Eleven

n =141

n (desk@w) = 120

n(Lap) = 40

nDesk@H) = 33

Let x=N°people with desktop computer only

y = N° of people with a desktop at work and at home but no laptop
x+y=94

87-x+y=13
=x=84 y=10

ggggg EO gggg g !gln gg ggmg !gg = g

Question 12

It is always challenging assigning a ¢ = 0 value with time series data presented in years. Students would be
expected to make a decision on which year t = 0 is occurring from the information presented and state this

clearly.
ay r,=09733
b) If t=0is@0 ES K(f) = —458529 + 2.3619¢
If t=0is @ 1900 ES K(f)= -87-5975 + 2.3619¢t
if t=0is @ 1979 = K(f)= 88997 + 2.3619¢t
(There seems many possibilities here, but those above would be the most reasonable)
c) (i Year 2005 ES K(2005) = 150.3 million  } Using each
= K(105) = 150.4 million  } model above.
ES K(26) = 149.3 million  }
A range of answers would be acceptable here.
(i) It is not very reliable because Year 2005 can be seen to be an extrapolation outside the data
range of the given data.
d) The average number of kilometres will decrease with time so expect the cormrelation coefficient to be

negative. However the total number of kilometres travelied is increasing with time, so the corretation
coefficient would be positive .. Hence OPPOSITE SIGNS OBSERVED. This would suggest that the
number of vehicles js increasing.
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Question Thirteen

{-1 001 o 05 -1 0 o‘
2 fo1. 2 2 -21 -2 -2 2
Coordinates are B (-1-2), @ (0,-2), R2(02)
B @ Ry A & Ry
2 1 (-1 0 o“‘ {-4 -2 2
b) ] | =
o 1 |-2 -2 2. -2 -2 2

Coordinates are  Py(-4-2). @(-2-2), and R3(22)

c) Solution one.

ab
Let the transformation matrix be L dl
then we require
R R
[a b [;4'3’1} —4a-2b =1
o d -2 7|2 —4c-20-2
@ Q
fa b’ 22“\ o] —2a-20=0
[v af -2 7 (2] ~26-20=2
R
a b1 (2”‘ ( o} 2a+20=0
lc d (LZA -2, 2c+2d=-2
solving simuitaneously
a:—l , b:l ., ¢c=0 , d=-1
2 2
[ 1 1 7\
Required Matrix = P22
Lo i)

Alternative Solution

pfz [ 0“‘“;’1 2 o1
1/]
SJ

Lol Lo -4

ool
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Question 14

a)

[

Area AP10191:%.1.4:2

Area AP303!?3:%<2<4:4

Ratio Area A3z to Area iy

Alternatively
= Q
det of ; =1

. Ratig is 2
or 1
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Question Fifteen

a) AC =

BC = =

b) To answer the question, students must find a condition that will result in the statement being true

ie If DX = EX
then DX X' = EX X
|e. Di = El
D = E

Hence the statement is true providing matnix X is NOT singutar, that is, it has an inverse.

Question Sixteen

a) The EXPONENTIAL MODEL is more appropriate for the data because there is more of a random
pattern with the residual plot (The residual plot for the linear model appears to be following a quadratic
pattern)

b) It is always challenging assigning a { = 0 value with time series data presented in years. Students
would be expected to make a decision on which year ¢t = 0 is occurring from the information presented
and state this clearly.

i t =0@ O was chosen then y=  1.6602 10719002545
or y=  1.8602x107 19 x1.02577'
t =0@ 1800 waschosenthen y=  12.9835¢002545
or y=  12.9835x1.02577'
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t =0 @ 1896 was chosenthen  y= 149 .40e002545¢

or y=  149.40<1.0577
There seems many possible answers, but these are the most likely acceptable choices.

(1986)value

——————x 1000
20.8 million

c) % over 65

3 0-091 or 9.1%

Question Seventeen

a) Let X = # of Paying Customers per hour

o 6
.. N* average number of paying customers = 4—0 =1.5

b) Let X = # Ammiving
o X ~Poisson (£ =1-5)

L PX=2)= 025102
c) P(X>2) =1-P(X<2)
= 1-0-80884
=0.191186

d) NO, He should not employ extra help in this instance since 0-1916 (195) is < 30%
e) Average time in minutes between the arrival of two paying customers is g% x 60 = 40 mins

f) Let Y = the time for the next customer to amve

1 1 -t
LY~e(A=— ie f(r)=—e %
( 40) [ ©=75 1
.20 e
740 )
s P(Y 2 20) = e -e “
- o058
= 0 -60653
Q) P(Atleast one) = 1 - P (none)
P(None) = P(Y 290 [ Y 260) = P(Y 290)/P(Y 260)
~30

40
= P(Y 230)=¢ =0.47237
. P(at least one) = 0.52763
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Question Eighteen

a)

c)

Students need to realise that summarised data presented is in groups. Hence MIDPOINTS of the

mark range will have to be used.

(The midpoints are 9.5, 29.5, 49.5, 69.5, 89.5)

The calculator is able to give the values directly for x =62 .83 and Standard Deviation = 22.54

32_2 )
i P(X 260)=—= — (directly from table
Q) ( ) 2 3 (directly able)
(i) P(X = Applic) :% = % (directly from table)
(iif) P(Calc | X 280) = S
£
) 9
(iv) P(Calc | 60 < X <79)= —
20
Solution one
P(at least 1) =1 - P (none have marks 2 80)

—_— X —

X —— X —
48 47 46 45
=0-69727

=1_[36 35 34 33)

Alternative Solution (using a Counting Technique approach)

n
4
P(at least 1) =11- ey
e

=0.69727

Let X = the numnber of students walking to school
X~bn=6 p=0.25)

s P(X 23) =1-P(X<2)
1-0-83056
016944
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Question Nineteen

It is very important that students define their varnables in matrix problems involving systems of equations to
be solved. This question specifically asked for it too!

Let n, e, s and w be the number of vehicles leaving the roundabout by the North, East, South and
West roads respectively.

n+e+s+w=06000 }

i.e. s=w(n-+e) } From the information supplied
e= % } on the question
n=c-500 }

These equations simgplify to

n + e + s + w = 6000
2n + 2 - s = o]

3e - w = o]
n - e = 500

Hence in matrix form (and not in augmented form)

Since the question did insist on NOT using this form

(11 1 13[n] (eooow
2 2-1 0|le| |0

S | 0
‘ 500

Question Twenty

When working with a question of this nature (one that requires a graphics calculator solution), students must
relate the equations provided to the CONTEXT outlined by the equation.

The context is modelled by a function that describes how the situation is changing. Hence the interpretation
of the graph of that function becomes vitai.

Note: This question is best not to be attempted algebraicaliy!"!
Method:

1. Draw the function on the calcuiator and locate the point of intersection in the domain 0<t<3.5

2. Observe where k(t) > ¢(t) and interpret

ie  Chris has a lower score between 0.30 mins and 3.19 mins
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Question Twenty One
From the question, the following inequalities hold

a) 3. 2x~y<128 )}
x=10 } These are already drawn.
yz186 )

Time to be added is 0 - 8x -0 5y <40

The shaded region has been identified

)] Profit = 100x + 40y

[ Points | Profit 1
| (10,16) $1640
I (35.16) | $4140
(032 | $4280
[ (10,64) | $3560

Need to manufacture 30 jackets and 32 vests for $4280 profit.

<) if the new profit equation is ax + 40 y (where a > 100), then the siope of this line will be — %

For greatest flexibility the profit line should coincide with one of the lines through (30,32).

The slope of the two lines involved is —3-2 and -1.-6.

Hence -2 = 3.2 and -2 =_16
40 40
i.e. a=3128 and a= 364

a should be 128 = an increase of $28.

Points on the line (30,32) and (35,16) satisfy.
Hence should manufacture 30 jackets and 32 vests OR 35 jackets and 16 vests.
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Question Twenty Two

It would be assumed that the students would recognise that the integration of the functions provided is far
too complicated algebraically and students would use a graphics calculator directly. However, writing the
actual integration statement would be of extreme value to a student who had pressed an incorrect key and
was unaware of the error.

a) jis(r ~1)2 e (Mgt = 099991
b) jf -2 e lt-Ng = 0-06197
o j;e(x Sp? ety = 076960

Question Twenty Three
a) Let X =Y be the number having the disease
X ~ binomial i.e. X (n=900,p-001)
Y ~ normal ie. Y(u=9 o=2 98496)

P8<X<12) =~ P(7:-55Y<12-5)

b) Let Z = the number with disease

Z ~ Poissonie.. Z~P(u=9)

S PB<X<12) =~ P(B<Y <12)

P(Y s12)-P(Y <7)
0-857577 - 0-32389
=0-59188

a

) Since 0-55188 is closer to 0-55415 than 0-57185, there is evidence to support the hypothesis given in
the question.

i.e. The Poisson distribution s better approximation than the normal to the binomial in this situation.

A note to good students:

There are many instances in this paper where an answer can be obtained directly from the graphics
calculator and it seems cumbersome to show working as demonstrated by these solutions. However,
students must realise that in an examination they are required to demonstrate their understanding and
often a response from a graphics caiculator may be incorrect due to a syntax error or input error. If the
student is unaware of the “incorrectness” of the screen display, this can lead to the student believing they
have completed the question correctly when in actual fact this is not the case. Such a situation would receive
little, (or possibly zero) marks for the question as a stated incorrect answer without any working often
receives low marks. Good students consider providing support for all the responses.
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